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A three-dimensional representation of the double quantum algebra suq(vl(J)) is 
given. By the use of this representation and a Lax pair, we obtain a nonlinear 
Ernst equation system. By the harmonic function method, a solution of the q- 
deformed double complex Ernst equation is given. 

1. ~ T R O D U C T I O N  

In recent years, the study of quantum groups has developed rapidly and 
many interesting results have been obtained, but the works which combines 
quantum groups with gravitational fields are few. Zhong (1992a) has linked 
the three-dimensional representation of the quantum algebra SUq(2) with cylin- 
drical gravitational waves. However, no solution was given. Zhong (1992b) 
also discussed the double quantum algebra SUq('q(J)), which we think must 
be linked with the gravitational field equations. In this paper, we obtain a 
nonlinear system which is in fact a q-deformation of the double complex 
Ernst equation. Furthermore, by the harmonic function method, we obtain a 
solution of this equation. This solution perhaps describes some aspects related 
to the q-deformation of gravitational fields. 

The organization of this paper is as follows: In Section 2 we discuss 
the three-dimensional representation of the double quantum algebra SUq('q(J)). 
Section 3 gives the q-deformation of the double complex Ernst equation. In 
Section 4, by the harmonic function method, we give the solution of the q- 
deformed double complex Ernst equation. 
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2. DOUBLE QUANTUM A L G E B R A  SUq('q(J)) 
The general double complex function method has been discussed in 

several papers (Zhong, 1985, 1988, 1989). We use the relevant results. Let 
J denote the double-imaginary unit, i.e., J --- i (i2 = _ 1) or J = e (~2 = + 1, 

v~ _ 1). We take the generators as 

which obey the commutation relations 

[/(3, K_] = •177 

o], _,] 

[K+, K_] = 2K3 (2) 

This means that K§ K_ and K3 generate the double Lie algebra su( 'q(J)) ,  
where the signature is 

( .q ( j ) )=  [1 _ j 2 ]  (3) 

i.e., for J = i it is su(2), and for J = ~ it is su(1,  1). 
The double quantum algebra SUq('q(J)) (Zhong, 1992), which is a q- 

deformation of SUq('q(J)), is generated by Kg and K q obeying the relations 

[K~, Kq• = •  q, [K q, K q] = [2K~]q (4) 

where the quantum number is 

= q• - q-• sinh(yx) ~/ = In q (5) 
[• q _ q - i  - sinh-----~' 

It must be stressed that in this paper we only consider the case of a real 
parameter q, q e (0, 1]; therefore q + q-i  > 2. On the real axis when 
q --+ 1, then K g --+ K3, K q --+ K_+. We are interested in the case of the three- 
dimensional representation (Biedenharn, 1989) 

fi Kq+ = 0 = K+, 
0 

Kq_= 0 = K_ 

o 1 Kg = o o = K~ 

0 - l  
(6) 
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where we write [2]q simply as A, A = q + q-i .  
Generally,  SUq(~(J)) does not correspond to a proper Lie algebra. How- 

ever, the above representation is a special case, since it is easily seen that 
the linear mapping 

~ :  SUq('q(J)) ~ su( 'q(J))  

sg(K q) = K_+, ~(K~) = K3 (7) 

is an isomorphic mapping. This means that in the three-dimensional case 
with K~, K q taken as in equation (6), SUq('q(J)) is isomorphic to the Lie 
algebra su('q(J)). In the following, we only discuss this case. 

Now, we take the generating elements of SUq('q(J)) as 

1 
L~ = ~ (K q - Kq_) (8) 

A 
[LJ, Lt] = ~- ~ (9) 

,3 -D 
Lql = -~- K~, /-Y2 = (K q + Kq_), 

Then the commutation relations are 

j2 
ILL tg] = ALL = - L L  

Obviously, when q ---> 1 they return to the common generating elements of 
su('q(J)), i.e., L q ---> Li (i = 1, 2, 3), where 

j3 1 1 
L, = -~- K3, /,2 = ~ (K+ + K_), L3 = ~ (K+ - K_) 

[Lt,/-.2] = J2L3, [/-.2,/,3] = - L l ,  [/,3, L,] = -L2  (10) 

Note that the transformation from Li q to Li (i = 1, 2, 3) is in fact an affine 
isomorphism, 

/ A \  la / A \  la 

3. THE q-DEFORMED ERNST EQUATION 

Following Dodd and Morris (1982), we consider the nonconstant matrix 
M q, N q ~ SUq('q(J)), 

M q = aqL~ + f3~l_f12 + "yqL~ 

N q = oL~L q or- ~ L ~  + "y~LY3 (12) 

where oL, q = o~,q(x, y; q; J),  [3~ = [3~(x, y; q; J), and ~/~ = ~q(x, y; q; J)  (x = 
1, 2) are functions of the real variables x and y, and q is the deformation 
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parameter. We consider  a three-dimensional  linear sys tem which relates to 
SUq('rl(J)) as follows: 

f*!l 
O l ~ q =  M q ~  q, O2(l)q= Nq(l) q, o:q=14,,, ( 1 3 )  

k* J 
= alOx and 02 = OlOy, and  dO~ = (l)7,(x, y; q; J )  (k = 1, 2, 3) are where 01 

real functions. The  integrability condit ion o f  equat ion (13) is 

axM q - al Nq + [M q, N q] = 0 (14) 

We write 

1 + v 2 2v 
c = c (x ,  y )  --  1 - v 2 '  s = s (x ,  y) - 1 - I '2 (15) 

where the real function v -- v(x ,  y )  is a solution of  the equations 

(1 - ~'2)OlV -Jr- ! (1 + vE)v = 0 
x 

1 v2)2 (1 - v2)02 v - - ~  (1 + = 0 (16) 

The  concrete form of  v can be easily written out. We see that, in fact, c and 
s are the hyperbolic  cosine and the hyperbol ic  sine functions, respectively,  
which obey the relation 

C 2 - -  S 2 = 1 (17) 

Suppose that P ~ ( x ,  y; q; J )  and  Q . ( x ,  y; q; J )  (Ix = 1, 2) are real functions,  
and in equation (12) take a ,  13 and ~/as  cx q = Qq (q" = 1, 2), 13q = s Q  q - 

cQq~, ~/q = sPq~ - cP~ (Ix, v = 1, 2) (Dodd and Morris,  1982); then 

M q q q = a l L 1  + ( s a  q - c a ~ ) ~  + (SP~l - cP~)L~ 

N q = Q~Lql + (sQ~ - cQ~)L~  + ( sP~ - CP~l)l_~ (18) 

and then from equation (14) we obtain 

O2Q q - o l a ~  - ( sQ~ - c a ~ ) ( - c P ~ l  + sP~2) 

- (S~ll - cP~2)(cQ~l - sQ~)  = 0 (19a) 

O2(SQql - cQ~)  + Ot(cQ~ - sQ~) 

A 
- - [ ( sPl  - c e 2 ) Q ~  + (cP'~l - sP~)]Qql = 0 (19b) 

2 

o2(sP~ - cPD + o ~ ( c ~  - sI~)  

+ ~ [(cQ~ - sQ~)Q~ + (sQ~ - c2Q~)]Q~ = 0 (19c) 
z ~  
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From (16) and (17), we can further change equations (19) into 

0~/~ = 0~Pq~, O~Q~ - 0~Qq~ = P~Qq - ~ Q q  

(Ix, v = 1,2) 

O,P'I~ + i p~ _ OzP~ = _J~A [(Q~)2 _ (Qy)2] 
x Z 

A 
a, QI + xl QI - a2Q~ = -~ ( ~ Q q  - P~Q~) 

(20a) 

(20b) 

(20c) 

Now, we take two real functions fq(x, y; q) and dfl(x, y; q), and 

OpJ ~ = e q j q ,  Olxdrlq = Q~r (~ = 1, 2) (21) 

This is allowable since the integrability condition of equations (21) is just 
equations (20). Now, from equations (20b) and (20c) the integrability condi- 

(22) 

(23) 

tion of system (13) is 

j2A 
{'J'~ = i(J~" V(J)J~ q- 2 V(J)lllqv(J)lllq 

fV~j)l~J q= 1 "1- ~-)V(j)fqV(./)lll q 

where V~z and V~. 0 are defined as 

X 

i.e., 

v c% = oI - ! o, + a~,, 
x 

v~,~ = oI + ! o~ + o, ~ x 
When q ~ 1, equations (22) become 

V(o = (0x, idy) (J = i) (24a) 

V<~) = (G, COy) (J = e) (24b) 

~ Re(%) V~j)% = Vv)%- V~.o% (25) 

(% = f + J~  (26) 

This is just the double complex Ernst equation (Zhong 1985, 1988, 1989). 
The case J = i describes the axisymmetric gravitational field (Ernst, 1968), 
and the case J = % describes cylindrical gravitational waves (Letelier, 1984). 
Therefore, equations (22) represent a double quantum deformation of the 
general Ernst equation. 
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4. THE SOLUTION 

In order to obtain a solution of equations (22), we take an arbitrary 
harmonic function ~b, V2~b = 0, and assume that fq = fq(~b), oq = ~q(~b). 
Then equations (22) become 

[d:f'~: / d r \  2 j2A [dOq\ 2 ( fq~--~-) = ~d--~) + T ~-~") (27a) 

dZt~ q _  + A dff dt~ q 
fq ddp2 - (1 - ~ ) - ~  --~ (27b) 

From (27b), we have 

dO~ddp d - -~ = 1 + -fi- dff (28) 

and its solution is 

p = fq + [c + J2A21(fq)A]l/2 

where Al and c are integration constants. Therefore 

d,l,= a: f [ c  --I- 12A2(:)A]I/2 (33a) 

C' C + [C + J2A~(fq)A]l/2 
dp = S In [(fq)a] t/2 (33b) 

where c' is an integration constant. 

(32) 

From the integration of both sides of equation (28), we obtain 

dtld _ Ao(fq) I +at2 (29) 
d,I, 

where A0 is an integration constant. Substituting equation (29) into (27a) gives 

dd: 2 ~ \dd~] = - 2 -  A2' r176 ' (30) 

We write p = dfqld(~; then equation (30) is 

@2 2 p2 = j2AAo2(fq)l+a (31) 
ap 
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where 

From equation (33b), we can obtain a solution f q  in terms o f  dO, 

F = 

A(do) = Co e(tecO't' "4- [c2J2e (alct)'b -t- c3e(2tecO~] I/2 q- c4 J2 

B(do) = (e (a/el)4' - c5J2) 2 (34) 

c .  (1~ = 1, 2 . . . . .  5) are constants. Accord ing  to equation (29), 

= AOLB---~] do + c (35) 

It is easily seen that if we take Ao = 0 and c~ = 0 for p, = 2 . . . . .  5, while 
c 0 =  1 andc~ = - 1 ,  then 

{~ = e4' 
q = 0 (36) 

This just  becomes the wel l -known Weyl solution. 
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