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Three-Dimensional Representation of the Double
Quantum Algebra su,(n(J)) and the g-Deformation of
the Double Complex Ernst Equation

Feng Lijun! and Zhong Zaizhe'

Received June 19, 1995

A three-dimensional representation of the double quantum algebra su,(n(J/)) is
given. By the use of this representation and a Lax pair, we obtain a nonlinear
Ernst equation system. By the harmonic function method, a solution of the g-
deformed double complex Ernst equation is given.

1. INTRODUCTION

In recent years, the study of quantum groups has developed rapidly and
many interesting results have been obtained, but the works which combines
quantum groups with gravitational fields are few. Zhong (1992a) has linked
the three-dimensional representation of the quantum algebra su,(2) with cylin-
drical gravitational waves. However, no solution was given. Zhong (1992b)
also discussed the double quantum algebra su,(m(J)), which we think must
be linked with the gravitational field equations. In this paper, we obtain a
nonlinear system which is in fact a g-deformation of the double complex
Ernst equation. Furthermore, by the harmonic function method, we obtain a
solution of this equation. This solution perhaps describes some aspects related
to the g-deformation of gravitational fields.

The organization of this paper is as follows: In Section 2 we discuss
the three-dimensional representation of the double quantum algebra su,(n(J)).
Section 3 gives the g-deformation of the double complex Emnst equation. In
Section 4, by the harmonic function method, we give the solution of the g-
deformed double complex Ernst equation.
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2. DOUBLE QUANTUM ALGEBRA su,(n(J))

The general double complex function method has been discussed in
several papers (Zhong, 1985, 1988, 1989). We use the relevant results. Let
J denote the double-imaginary unit, i.e., J = i (* = —1)or J = € (¢2 = +1,
€ # *1). We take the generators as

N

which obey the commutation relations
[K3s Kt] = i-KI7 [K+a K—] = 2K3 (2)

This means that K,, K_ and K; generate the double Lie algebra su(n(J)),
where the signature is

) = [' _ ,2] )

ie., for J = iitis su(2), and for J = € it is su(1, 1).
The double quantum algebra su,(n(J)) (Zhong, 1992), which is a g-
deformation of su,(n(J)), is generated by K{ and K% obeying the relations

K% Ki] = =K%, [K%, K%] = [2K1), C))
where the quantum number is

_ 9 — g% _ sinh(yx)
= = , =1
[x], = q sinh Yy=Ing &)
It must be stressed that in this paper we only consider the case of a real
parameter g, g € (0, 1]; therefore ¢ + g ! = 2. On the real axis when
q — 1, then K§ > K;, K% — K.. We are interested in the case of the three-
dimensional representation (Biedenharn, 1989)
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where we write [2], simply as A, A = ¢ + g™

Generally, su,(m(J)) does not correspond to a proper Lie algebra. How-
ever, the above representation is a special case, since it is easily seen that
the linear mapping

d: su () - su(nJ))

12
AKYL) = (%) Keo  SAKD = K ™

is an isomorphic mapping. This means that in the three-dimensional case
with K§, K% taken as in equation (6), su,(n(J)) is isomorphic to the Lie
algebra su(n(J)). In the following, we only discuss this case.

Now, we take the generating elements of suy(n(J)) as

=Lk B=lki+kn, H=lki-k) @

Then the commutation relations are
J? A

[L], L3) = E3 ALy, [ L) = -Li, [L}L]l= B} L3 9
Obviously, when ¢ — 1 they return to the common generating elements of
su(n)), i.e., LY > L; (i = 1, 2, 3), where

L=J—3K Lz=i(K + K.) =1(K—K)

1 9 3» 27 + =) 2 + -
(L, L) = J*Ls,  [Lp, L) = —L,  [Ls, L) = —L, (10)

Note that the transformation from LY to L; (i = 1, 2, 3) is in fact an affine
isomorphism,
12 172
A A

3. THE ¢-DEFORMED ERNST EQUATION

Following Dodd and Morris (1982), we consider the nonconstant matrix
M9, NY € sun(J)),

= afL{ + B{Lf + v{L{
N? = ofL{ + BIL] + v3L§ (12)

where af = ad(x, y; ¢; J), BT = Bi(x, y; ¢; J), and v7 = vi(x, y; ¢; J) (7 =
1, 2) are functions of the real variables x and y, and ¢ is the deformation
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parameter. We consider a three-dimensional linear system which relates to
su (m(J)) as follows:

&
9197 =M%, 8" = N'p%, &7 =] ¢} (13)
&4

where 8, = 9/dx and 9, = 9/dy, and &f = &l(x, y; q; J) (k = 1, 2, 3) are
real functions. The integrability condition of equation (13) is

M — N+ M4 N1 =0 (14)
We write
1 + 2 2v
c—c(x,y)—l_vz, s—s(x,y)—l_v2 (15)

where the real function v = v(x, y) is a solution of the equations

(1 —vHow + i(l + vy =0

(1 = )aw — zix(l +)2 =0 (16)

The concrete form of v can be easily written out. We see that, in fact, ¢ and
s are the hyperbolic cosine and the hyperbolic sine functions, respectively,
which obey the relation

c2—-s2=1 7N

Suppose that P,(x, y; q; J) and Q,.(x, y; q; J) (n = 1, 2) are real functions,
and in equation (12) take o, B and y as of = Q7 (1 = 1, 2), B} = 50} —
cQl, vy = sPi — cP} (n, v = 1, 2) (Dodd and Morris, 1982); then

M? = QILT + (sQf — cODL] + (sP{ — cPHL]

N? = Q3L{ + (sQf — cONL] + (sP§ — cP)L] (18)
and then from equation (14) we obtain
[ 9,01 — 8,08 — (0 — cO(—cP| + sP)

— (sP{ — cPJ)(cQf — 509 = 0 (192)
3:(sQf — cQ)) + 9,(cQf — sQ9)
{ - 2 (6P, = cPYO8 + (Pl — sPHIQT = 0 (19b)

9P = cP + 0y(cPl — P
2
|+ LR ot - sovot + 01 - cuomios = 0 (19¢)
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From (16) and (17), we can further change equations (19) into

([ 9,PL = 0P, 8,00 —a.,0% = PiQ] — PO}
(v =12
2
§apt+ L et - aps = L2yt - ot
901 + 1 0f - 3,01 = 5 (Plof - PiOY

Now, we take two real functions f?(x, y; q) and ¥?(x, y; q), and

3 f7=Pif, W =0l (=12

249

(20a)
(20p)

(20¢)

21

This is allowable since the integrability condition of equations (21) is just
equations (20). Now, from equations (20b) and (20c) the integrability condi-

tion of system (13) is
IV = Vo f* Vo f + 22 V(,)lb"V(,)q;"
[V = ( %)V(qu Vo'
where V7, and V,;, are defined as
VZ, = 82 + 12 ! o+, V= (0,J9)

ie.,

Vi =08 - i 9, + 02, Vi = (05 idy) =i

1

V(E) = 82 + - X 6 + 8 V(E) = (61, an) (J = €)

When g — 1, equations (22) become
{Re(cg) V c(g V(_])cg V(j)%
E=f+n

(22)

(23)

(24a)

(24b)

(25)
(26)

This is just the double complex Emst equation (Zhong 1985, 1988, 1989).
The case J = i describes the axisymmetric gravitational field (Ernst, 1968),
and the case J = € describes cylindrical gravitational waves (Letelier, 1984).
Therefore, equations (22) represent a double quantum deformation of the

general Ernst equation.
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4. THE SOLUTION

In order to obtain a solution of equations (22), we take an arbitrary
harmonic function ¢, V2$ = 0, and assume that f7 = f4d), ¢ = P9(d).
Then equations (22) become

4 i\ A [dprY
q[ = + I 2
-]
dxf A\ dff &)
= + -} e —
F de? (1 2) db db (27)
From (27b), we have
L (v A\ L
e d( ¢) (1 n 2) Lo @8)
From the integration of both sides of equation (28), we obtain
d_‘l'q = q\1 +472
pTS Ao(fh) (29)
where A, is an integration constant. Substituting equation (29) into (27a) gives
a’f 1 (dff A F9)1+A
e ( y ¢) L2 a0 (30)
We write p = df%/dd; then equation (30) is
dp* 2 2 2
== — = p? = JPAAY(fH'+A 31
i p ) (31
and its solution is
p =f1 + [c + JPA}(fH*'2 (32)

where A, and c are integration constants. Therefore
- daf’
W= Fle + AT &3
¢ o+ lc+ IANSY"
A TG 330

where ¢’ is an integration constant.
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From equation (33b), we can obtain a solution f7 in terms of ¢,

va
[

B(¢)
where

A(d)) = Coe(A/C|)d> + [C2J2e(NCI)¢ + C3e(2N61)d>]l/2 + 6‘4.12
B(d) = (¥ — ¢5J?%) (34)

c, (0 =1,2,...,5) are constants. According to equation (29),

Ad) VA+12

1= Al == +c 35
v =4 A, 35

It is easily seen that if we take A =0 and ¢, = Ofor p = 2, ..., 5, while
¢o = 1 and ¢; = —1, then

e

V=0 (36)

This just becomes the well-known Weyl solution.
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